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Uncertainty quantification with multiple models

Motivation

Observation: Many models and simulations are created over the course of
analyzing a system.

Key idea: Usually, these models serve to develop the eventual high-fidelity
model. How do we use them to also analyze the eventual high-fidelity mod
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1. How do we model the multi-fidelity uncertainty quantification
problem?

» How is each simulation related? (Discretization hierarchies, physics
hierarchies, “competing” peers (model selection), combination)

» How are relationships between models represented/exploited?
(discrepancies, statistical correlations, probabilistic conditional
dependencies, something else?)
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1. How do we model the multi-fidelity uncertainty quantification
problem?

» How is each simulation related? (Discretization hierarchies, physics
hierarchies, “competing” peers (model selection), combination)

» How are relationships between models represented/exploited?
(discrepancies, statistical correlations, probabilistic conditional
dependencies, something else?)

2. What are the algorithmic objectives of multi-fidelity uncertainty
quantification?
» Variance/Bias reduction, MSE reduction (Frequentist)
» Probabilistic predictions (Bayesian)
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This talk M
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Addressing limitations of variance reduction approaches

» Most variance reduction approaches need an estimate of the covariance
of the model ensemble

» However, covariance is usually unknown

» We focus on the approximate control variate family of approaches; e.g.,
MLMC, MIMC, MFMC, MXMC.

» We propose adapting the solution of this problem in the CV case to the
ACV case )

[Gorodetsky, et. al. A generalized approximate control variate framework for multifidelity

uncertainty quantification, JCP 2020]
[Pham and Gorodetsky. Ensemble approximate control variate estimators: Applications
to multi-fidelity importance sampling, (Accepted to SIAM JUQ) arXiv:2101.02786, 2021]
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Multi-fidelity sampling approaches

Leverage correlation amongst models for variance reduction
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Multi-fidelity sampling approaches M

Leverage correlation amongst models for variance reduction
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Multi-fidelity sampling approaches M

Leverage correlation amongst models for variance reduction
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Random input Z
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Unknown means

Known covariance /
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Classical control variates (CV)

Approximate control variates (ACV)
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How to deal with unknown covariance”?
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1. CV and ACV estimators

2. Contributions:

» Use ensemble estimator of estimate optimal weights
» Lower bounds on the number of samples
» Extend the multi-fidelity importance sampling scheme

3. Numerical examples
4. Summary
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The classical control variate M

Introduce additional information sources with known statistics
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Low-fidelity models High-fidelity model
{Yi(2) 14, Yo(2)

~.

—| Classical control variates (CV)

Known means {u;}M,
Known covariance

Q% = Q,(Yo) + 3o i (Qn(Y7) — i)
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The classical control variate M

Introduce additional information sources with known statistics
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Low-fidelity models High-fidelity model
[Yi(2)}, Yo(z)

~.

—| Classical control variates (CV)

Known means {u;},
Known covariance

Q%Y = 0,(Yo) + M. i (Qn(Y3) — 114)

Variance reduction
The variance of Q¢V is smaller than Q,,.

Var [Q“Y] = Var[Q,] (1 — R?)

Correlation amongst estimators determines R?
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The approximate control variate

Reducing the need for known mean

Low-fidelity models

{Yi(z) i]\il

High-fidelity model
Yo(2)

Unknown means
Known covariance

o~

—

Approximate control variates (ACV)

AV = Q. (Vo) + oM i (Qn(Yi) — f13)

Gorodetsky, Geraci, Eldred, & Jakeman, JCP, 2020
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The approximate control variate

Reducing the need for known mean

Low-fidelity models High-fidelity model
{Yi(2)}L, Yo(2)

Unknown means
Known covariance

o~ —

- Approximate control variates (ACV)

QALY = n (Yt )"‘Z =1 i (Qn(Yi) — 1)

Partitioning schemes: ACV-IS (left), ACV-MF (right)
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Current state of control variate approaches in UQ M

» Approximate control variate encompasses wide range of
approaches
1. Multilevel [Giles 2008] and Multi-Index [Haji-Ali, Nobile, Tempone,
2016] Monte Carlo
2. Multifidelity Monte Carlo [Peherstorfer, Willcox, Gunzberger, 2016]
3. Hybrid approaches [Geraci, Eldred, laccarino, 2015]
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» Approximate control variate encompasses wide range of
approaches

1. Multilevel [Giles 2008] and Multi-Index [Haji-Ali, Nobile, Tempone,
2016] Monte Carlo

2. Multifidelity Monte Carlo [Peherstorfer, Willcox, Gunzberger, 2016]

3. Hybrid approaches [Geraci, Eldred, laccarino, 2015]

» The issue: all these methods require estimation of hyperparameters,
typically the covariance

» Majority of approaches are heuristic: pilot samples or sequential
allocation
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Current state of control variate approaches in UQ M
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» Approximate control variate encompasses wide range of
approaches

1. Multilevel [Giles 2008] and Multi-Index [Haji-Ali, Nobile, Tempone,
2016] Monte Carlo

2. Multifidelity Monte Carlo [Peherstorfer, Willcox, Gunzberger, 2016

3. Hybrid approaches [Geraci, Eldred, laccarino, 2015]

» The issue: all these methods require estimation of hyperparameters,
typically the covariance

» Majority of approaches are heuristic: pilot samples or sequential
allocation

Our proposed alternative doesn’t need a-priori covariance

Use all samples create an ensemble of estimators with reduced
variance. Lavenberg and Welch did it in 1981 for control variates. We
adapt this theory to approximate control variates.

y
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Ensemble estimator M
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18! batch of n samples @
2"d phatch of n samples @ e

K™ batch of n samples @

7(11), 7(12), e Q%K): Monte Carlo estimators

a: estimated optimal weights
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Lower bounds on the number of samples M
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15t batch of n samples |

2"d batch of n samples |

K™ batch of n samples

7(@”, 7(12), e Q%K): Monte Carlo estimators

a: estimated optimal weights
Q(a): ensemble estimator
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Lower bounds on the number of samples M
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15t batch of n samples |

Find K such that
Var [Q(q)}

Var [Q,(Y))]

2"d batch of n samples |

< 1.

K™ batch of n samples

7(@”, 7(12), e Q%K): Monte Carlo estimators
a: estimated optimal weights
Q(a): ensemble estimator
)

Q. (Yp): baseline (Monte Carlo) estimator of Yy
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Lower bounds on the number of samples M
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15t batch of n samples |

Find K such that
Var [Q(q)}

Var [Q,(Y))]

2"d batch of n samples |

< 1.

K™ batch of n samples

Theorem: Pham and Gorodetksy, 2021
Assume non-zero correlation and K > max(M + 2, B). Then,

Var [Q(a)}
Var [Qn,(Y0)]

where Q is the CV or ACV estimator; and B is a factor depending on M,
correlation and partitioning scheme.
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Outline M
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1. CV and ACV estimators

2. Contributions:

» Use ensemble estimator of estimate optimal weights
» Lower bounds on the number of samples
» Extend the multi-fidelity importance sampling scheme [Peherstorfer,

et. al. 2016]
3. Numerical examples
4. Summary
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Extend the multi-fidelity importance sampling (MFIS) scheme M

Proposal
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Draw n samples from q
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1. CV and ACV estimators

2. Contributions:

» Use ensemble estimator of estimate optimal weights
» Lower bounds on the number of samples
» Extend the multi-fidelity importance sampling scheme

3. Numerical examples
4. Summary
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Analytical example M
Estimating Gaussian tail probabilities ey
2.5 . . .
—— VoV
T Uis } CV-based r
2r UMFIS . p
— 5., | < Baseline
—_——
15t - }Ensemble > Limit-state functions

gi(2) =1; —zfori=0,1,
where Z ~ N(0,1), lp = 3.0,
and l; = 2.8.

Variance ratio

» Estimate failure probabilities
Pr(gi(z) <0)

-1.5 -1 -0.5 0 0.5
o

Figure: variance ratio vs. «
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Analytical example M

Estimating Gaussian tail probabilities
MICHIGAN
2.5 ; : .
—— VoV
v 15 } CV-based y
2r UMFIS . {
Bov < Baseline
s } Ensemble
1.5}

» vov < vvris and vis < vvris

Variance ratio
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o

Figure: a vs. variance ratio

goroda@umich.edu Gorodetsky & Pham Ensemble ACV 16/19



Introduction Multi-fidelity sampling Ensemble estimator Multifidelity importance sampling Numerical examples Summary

Analytical example M
Estimating Gaussian tail probabilities ey
2.5 . . .
—— VoV
v Us } CV-based r
2r UMFIS . {
Bov < Baseline
s } Ensemble
1.5}

» vov < vvris and vis < vvris

Variance ratio

» wcy is the smallest

-1.5 -1 -0.5 0 0.5
o

Figure: a vs. variance ratio

goroda@umich.edu Gorodetsky & Pham Ensemble ACV 16/19



Introduction Multi-fidelity sampling Ensemble estimator Multifidelity importance sampling Numerical examples Summary

Analytical example M
Estimating Gaussian tail probabilities ey
2.5 . . .
—— VoV
v Us } CV-based r
2r UMFIS . {
Bov < Baseline
s } Ensemble
1.5}

» vov < vvris and vis < vvris

Variance ratio

» wcy is the smallest

> voy < vmFis @nd vig < vmFis

-1.5 -1 -0.5 0 0.5
o

Figure: a vs. variance ratio

goroda@umich.edu Gorodetsky & Pham Ensemble ACV 16/19



Introduction Multi-fidelity sampling Ensemble estimator Multifidelity importance sampling Numerical examples Summary

Clamped Mindlin plate in bending M

Estimate failure probability under uniform dist. thickness and loads
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Figure: Mindlin plate.
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(b) Low-fidelity model (10 x 10 elements)
goroda@umich.edu Gorodetsky & Pham Ensemble ACV 17/19 |




Introduction Multi-fidelity sampling Ensemble estimator Multifidelity importance sampling Numerical examples Summary

Clamped Mindlin plate in bending M

Similar trends as analytic example
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Variance ratio

Figure: variance ratio vs. «
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Conclusions and Questions:

» Ensemble estimators provide a way to inject information and
account for unknown covariance

» Can ensembles of other estimators be used: e.g., Multilevel BLUE
[Schaden and Ulimann, 2020, 2021]?

» Can we wrap the estimator within a resource allocation scheme?

» ACV approaches easily extended to importance sampling (and
other estimators) for wider applicability
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Conclusions and Questions:

» Ensemble estimators provide a way to inject information and
account for unknown covariance

» Can ensembles of other estimators be used: e.g., Multilevel BLUE
[Schaden and Ulimann, 2020, 2021]?

» Can we wrap the estimator within a resource allocation scheme?

» ACV approaches easily extended to importance sampling (and
other estimators) for wider applicability

Paper: Pham and Gorodetsky, Ensemble approximate control variate
estimators: Applications to multi-fidelity importance sampling,
arXiv:2101.02786, 2021

https://arxiv.org/abs/2101.02786
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