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Uncertainty quantification with multiple models
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Motivation
Observation: Many models and simulations are created over the course of
analyzing a system.
Key idea: Usually, these models serve to develop the eventual high-fidelity
model. How do we use them to also analyze the eventual high-fidelity model?.

! Information sources
! Hierarchy of fidelities
! Ensemble of peer models
! Discretization levels
! Experimental data
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High-level modeling questions

1. How do we model the multi-fidelity uncertainty quantification
problem?
! How is each simulation related? (Discretization hierarchies, physics

hierarchies, “competing” peers (model selection), combination)
! How are relationships between models represented/exploited?

(discrepancies, statistical correlations, probabilistic conditional
dependencies, something else?)

2. What are the algorithmic objectives of multi-fidelity uncertainty
quantification?
! Variance/Bias reduction, MSE reduction (Frequentist)
! Probabilistic predictions (Bayesian)
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This talk

Addressing limitations of variance reduction approaches
! Most variance reduction approaches need an estimate of the covariance

of the model ensemble
! However, covariance is usually unknown
! We focus on the approximate control variate family of approaches; e.g.,

MLMC, MIMC, MFMC, MXMC.
! We propose adapting the solution of this problem in the CV case to the

ACV case
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[Gorodetsky, et. al. A generalized approximate control variate framework for multifidelity
uncertainty quantification, JCP 2020]
[Pham and Gorodetsky. Ensemble approximate control variate estimators: Applications
to multi-fidelity importance sampling, (Accepted to SIAM JUQ) arXiv:2101.02786, 2021]
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Multi-fidelity sampling approaches
Leverage correlation amongst models for variance reduction

Random input Z

Low-fidelity models
{Yi(z)}Mi=1

High-fidelity model
Y0(z)

Non-zero correlation
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Multi-fidelity sampling approaches
Leverage correlation amongst models for variance reduction

Random input Z

Low-fidelity models
{Yi(z)}Mi=1

High-fidelity model
Y0(z)

Non-zero correlation

Model ensembleModel ensemble

Classical control variates (CV) Approximate control variates (ACV)

Known means
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Unknown means
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How to deal with unknown covariance?
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Outline

1. CV and ACV estimators
2. Contributions:

! Use ensemble estimator of estimate optimal weights
! Lower bounds on the number of samples
! Extend the multi-fidelity importance sampling scheme

3. Numerical examples
4. Summary
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The classical control variate
Introduce additional information sources with known statistics

Classical control variates (CV)

Low-fidelity models
{Yi(z)}Mi=1

High-fidelity model
Y0(z)

Known means {µi}Mi=1
Known covariance

QCV = Qn(Y0) +
∑M

i=1 αi (Qn(Yi)− µi)
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The classical control variate
Introduce additional information sources with known statistics

Classical control variates (CV)

Low-fidelity models
{Yi(z)}Mi=1

High-fidelity model
Y0(z)

Known means {µi}Mi=1
Known covariance

QCV = Qn(Y0) +
∑M

i=1 αi (Qn(Yi)− µi)

Variance reduction
The variance of QCV is smaller than Qn.

Var
[
QCV

]
= Var [Qn]

(
1−R2

)

Correlation amongst estimators determines R2
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The approximate control variate
Reducing the need for known mean

Approximate control variates (ACV)

Low-fidelity models
{Yi(z)}Mi=1

High-fidelity model
Y0(z)

Unknown means
Known covariance

QACV = Qn(Y0) +
∑M

i=1 αi (Qn(Yi)− µ̂i)

goroda@umich.edu Gorodetsky & Pham Ensemble ACV 8/19

Gorodetsky, Geraci, Eldred, & Jakeman, JCP, 2020
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The approximate control variate
Reducing the need for known mean

Approximate control variates (ACV)

Low-fidelity models
{Yi(z)}Mi=1

High-fidelity model
Y0(z)

Unknown means
Known covariance

QACV = Qn(Y0) +
∑M

i=1 αi (Qn(Yi)− µ̂i)

Partitioning schemes: ACV-IS (left), ACV-MF (right)A.A. Gorodetsky et al. / Journal of Computational Physics 408 (2020) 109257 9

Fig. 2. Visualization of existing (W-RDiff and MFMC) and proposed (ACV-IS and ACV-MF) sampling strategies. Each column represents a distribution of 
samples, and the colors are used to indicate shared input samples among the levels. (For interpretation of the colors in the figure(s), the reader is referred 
to the web version of this article.)

Table 1
Representations of various CV-type variance reduction estimators in the framework of Equation (7). The estimators OCV and OCV-1 refer to optimal CV 
estimator with known means, where OCV-1 only uses a single low-fidelity model and OCV uses all M . For these estimators, no samples are required to 
estimate µ and therefore z2

i is empty. As summarized in the final column, the greatest variance reduction possible with W-RDiff and MFMC is strictly less 
than or equal to the optimal CV using a single model.

Algorithm Relation between z and zi z1
i z2

i Reduction ratio γ

OCV zi = z z ∅ 1 − R2
OCV

OCV-1 zi = z z ∅ 1 − ρ2
1

W-RDiff z1
1 = z , z1 ∩ zi = ∅ for i > 1 z2

i− 1 zi \ z1
i 1 − R2

W-RDiff for R2
W-RDiff ≤ ρ2

1

MFMC [29] zi ⊃ z for all i zi− 1 zi 1 − R2
MFMC for R2

MFMC ≤ ρ2
1

Table 2
Correlation matrix for monomial example computed with 105 samples.

Q Q 1 Q 2 Q 3 Q 4

Q 1 0.994995 0.975042 0.927132 0.820633
Q 1 0.994995 1 0.992172 0.958367 0.865941
Q 2 0.975042 0.992172 1 0.986021 0.916385
Q 3 0.927132 0.958367 0.986021 1 0.968153
Q 4 0.820633 0.865941 0.916385 0.968153 1

To demonstrate these results we consider the following simple monomial example: let Q (ω) = ω5 and Q i(ω) = ω5− i for 
i = 1, . . . , 4, where ω ∼ U(0, 1). The correlation matrix for this problem is given in Table 2. As we have not yet introduced 
a cost model, we first explore performance through the lens of an assumed sample ratio ri = 2i+x so that r(x) = [2 × 2x, 4 ×
2x, 8 × 2x, 16 × 2x] for x = 0, 1, . . . , 29. As a result, the sample allocations across i are prescribed by ri without assuming 
any relationship between these allocations and either the model cost wi and/or the estimated ρi j ; this viewpoint is taken 
in Figs. 3, 4, and 5. We explore the introduction of wi and resulting optimal allocation strategies later in §3.3 and §4.1. 
Therefore, in this section, we are concerned only with the problem of demonstrating the existence of a significant gap in 
variance reduction between OCV-1 and OCV. This gap depends only on the covariance and correlation matrices, and it is 
not related to the sample allocation per model. However, the possibility to exploit this gap ultimately depends on the actual 
sample allocation strategy, which is strictly related to model cost, as well as correlation. This aspect will be discussed later 
in §3.3.

Fig. 3 shows the computed variance reduction ratio γ . The dotted horizontal lines provide baseline variance reduction 
ratios corresponding to MC (γ = 1), the single OCV (OCV-1), double OCV (OCV-2), triple OCV (OCV-3), and the optimal 
control variate that uses all the models (OCV). The variance reduction of the estimators W-RDiff and MFMC is bounded by 
that provided by OCV-1, i.e., ρ2

1 , as expected from the theory.
To summarize, this example shows that, when the number of high fidelity samples is fixed, the existing recursive esti-

mators do not achieve the maximum-possible variance reduction. Further, we are aware of no existing methods in the form 
of (7) that can converge to the variance reduction achieved by the OCV estimator (with known means) as the number of 
low-fidelity simulations increases. Our goal in the following section is to overcome this deficiency by developing algorithms 
that can converge to the OCV estimator (red line in Fig. 3).

goroda@umich.edu Gorodetsky & Pham Ensemble ACV 8/19

Gorodetsky, Geraci, Eldred, & Jakeman, JCP, 2020



Introduction Multi-fidelity sampling Ensemble estimator Multifidelity importance sampling Numerical examples Summary

Current state of control variate approaches in UQ

! Approximate control variate encompasses wide range of
approaches
1. Multilevel [Giles 2008] and Multi-Index [Haji-Ali, Nobile, Tempone,

2016] Monte Carlo
2. Multifidelity Monte Carlo [Peherstorfer, Willcox, Gunzberger, 2016]
3. Hybrid approaches [Geraci, Eldred, Iaccarino, 2015]

! The issue: all these methods require estimation of hyperparameters,
typically the covariance

! Majority of approaches are heuristic: pilot samples or sequential
allocation
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! Approximate control variate encompasses wide range of
approaches
1. Multilevel [Giles 2008] and Multi-Index [Haji-Ali, Nobile, Tempone,

2016] Monte Carlo
2. Multifidelity Monte Carlo [Peherstorfer, Willcox, Gunzberger, 2016]
3. Hybrid approaches [Geraci, Eldred, Iaccarino, 2015]

! The issue: all these methods require estimation of hyperparameters,
typically the covariance

! Majority of approaches are heuristic: pilot samples or sequential
allocation

Our proposed alternative doesn’t need a-priori covariance
Use all samples create an ensemble of estimators with reduced
variance. Lavenberg and Welch did it in 1981 for control variates. We
adapt this theory to approximate control variates.
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Ensemble estimator
Estimating optimal weights

1st batch of n samples

2nd batch of n samples...
K th batch of n samples

Q(1)
n

Q(2)
n...

Q(K)
n

α
¯

Q(1)
n ,Q(2)

n , . . . ,Q(K)
n : Monte Carlo estimators
α
¯
: estimated optimal weights
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Lower bounds on the number of samples

1st batch of n samples

2nd batch of n samples...
K th batch of n samples

Q(1)
n

Q(2)
n...

Q(K)
n

α
¯ Q̄(α

¯
)

Find K such that
Var

[
Q(α

¯
)
]

Var [Qn(Y0)]
< 1.

Q(1)
n ,Q(2)

n , . . . ,Q(K)
n : Monte Carlo estimators
α
¯
: estimated optimal weights

Q̄(α
¯
): ensemble estimator

Qn(Y0): baseline (Monte Carlo) estimator of Y0

Theorem: Pham and Gorodetksy, 2021
Assume non-zero correlation and K > max(M + 2, B). Then,

Var
[
Q(α

¯
)
]

Var [Qn(Y0)]
< 1,

where Q is the CV or ACV estimator; and B is a factor depending on M ,
correlation and partitioning scheme.
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Outline

1. CV and ACV estimators
2. Contributions:

! Use ensemble estimator of estimate optimal weights
! Lower bounds on the number of samples
! Extend the multi-fidelity importance sampling scheme [Peherstorfer,

et. al. 2016]
3. Numerical examples
4. Summary
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Extend the multi-fidelity importance sampling (MFIS) scheme

Y0 Draw n samples from q QIS
q,n(Y0)

Proposal
density q

Y1 Draw n samples from q̂ QMFIS
q̂,n (Y0)

Approximate
density q̂

Y1 Draw n samples from q̂

QIS
q̂,n(Y1)

QMFIS
q̂,n (Y0)

Approximate
density q̂

QMF
q̂,n(Y0)
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Analytical example
Estimating Gaussian tail probabilities

-1.5 -1 -0.5 0 0.5

0.5

1

1.5

2

2.5

Figure: variance ratio vs. α

Ensemble

CV-based
Baseline

! Limit-state functions
gi(z) = li − z for i = 0, 1,
where Z ∼ N (0, 1), l0 = 3.0,
and l1 = 2.8.

! Estimate failure probabilities
Pf (gi(z) < 0)
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Analytical example
Estimating Gaussian tail probabilities
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Figure: α vs. variance ratio

Ensemble

CV-based
Baseline

! vCV ≤ vMFIS and vIS ≤ vMFIS

! vCV is the smallest
! v̄CV < vMFIS and v̄IS < vMFIS
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Clamped Mindlin plate in bending
Estimate failure probability under uniform dist. thickness and loads

500 B. Peherstorfer et al. / Comput. Methods Appl. Mech. Engrg. 300 (2016) 490–509

Fig. 2. Plate problem: The eight inputs of the plate problem control the thickness and the load in the four subregions Ω1, . . . ,Ω4 of the spatial

domain Ω .

initial seeding. The runtime measurements were performed on an Intel Xeon E5-1620 compute node with 32 GB RAM
on a single core.

4.1. Deflection of clamped plate in bending

We are interested in the maximum deflection of a clamped plate after a load has been applied [35]. The geometry
of the plate is shown in Fig. 2. The spatial domain Ω = [0, 1]2 ⊂ R2 is partitioned into four subregions Ω1, . . . ,Ω4.
Inputs define the thickness of the plate and the applied load in each subregion. The inputs are the components
z = [z1, . . . , z8]

T ∈ R8 of a realization of the eight-dimensional input random variable Z , which has a uniform
distribution in [0.05, 0.1]4 × [1, 100]4 ⊂ R8. The first four inputs z1, . . . , z4 define the thickness of the plate and the
last four inputs z5, . . . , z8 define the load, in the subregions Ω1, . . . ,Ω4, respectively. The output, y, is the maximum
deflection of the plate in the spatial domain Ω . The limit state function is gplate(y) = −y + 5, with the threshold 5,
which means that a failure occurs if the maximum deflection is higher than 5.

Models. The (steady-state) high-fidelity model s : R8 → R is derived with the finite element method following
[36, Section 12.2, p. 161]. The number of degrees of freedom of the high-fidelity model is 19 039. To construct the
surrogate model, we sample 1000 inputs at which the high-fidelity model is evaluated to generate the snapshots. There
are several sampling schemes available to guide the selection of the snapshots [37–39]; however, for this example
sampling from a uniform distribution in the input domain is sufficient. The proper orthogonal decomposition (POD)
is applied to the snapshots to derive the POD basis. The reduced operators are computed with Galerkin projection.
This leads to surrogate models s5 and s10 generated from five and ten POD basis vectors, respectively.

Reference failure probability. The reference failure probability PMC
f = 9.673 × 10−3 is computed with the Monte

Carlo estimator with 106 samples using the high-fidelity model. The RMSE of the Monte Carlo estimator is
9.787 × 10−5, where the variance is estimated from the samples.

Illustration of PDFs. For illustration purposes, the estimated PDF of the random variables s(Z), s5(Z), and s10(Z)

are compared in Fig. 3. Each of the PDFs is estimated with kernel density estimation (KDE) from 1000 realizations
of the corresponding random variable. The surrogate model s5 with five POD modes is sufficient to derive a PDF that
matches the PDF corresponding to the high-fidelity model well.

We generate a biasing distribution by constructing the biasing PDF with Algorithm 1 and the surrogate model s5.
The number of samples is set to N = 106, and the number of normal distributions in the mixture model is k = 8.
Surrogate model evaluations are usually computationally cheap and therefore choosing a large N has only a minor
impact on the overall costs of the MFIS method, see the discussion on runtime and speedup below. To illustrate the
quality of the biasing distribution, we draw 1000 samples z

′
1, . . . , z

′
1000 from the biasing distribution, i.e., realizations

Figure: Mindlin plate.

(a) High-fidelity model (30 × 30 elements)

(b) Low-fidelity model (10 × 10 elements)
goroda@umich.edu Gorodetsky & Pham Ensemble ACV 17/19
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Clamped Mindlin plate in bending
Similar trends as analytic example
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Figure: variance ratio vs. α
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CV-based
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Summary

Conclusions and Questions:
! Ensemble estimators provide a way to inject information and

account for unknown covariance
! Can ensembles of other estimators be used: e.g., Multilevel BLUE

[Schaden and Ullmann, 2020, 2021]?
! Can we wrap the estimator within a resource allocation scheme?
! ACV approaches easily extended to importance sampling (and

other estimators) for wider applicability

Paper: Pham and Gorodetsky, Ensemble approximate control variate
estimators: Applications to multi-fidelity importance sampling,
arXiv:2101.02786, 2021

?iiTb,ff�`tBpXQ`;f�#bfkRyRXykd3e

Funding: Sandia National Laboratories LDRD program

goroda@umich.edu Gorodetsky & Pham Ensemble ACV 19/19



Introduction Multi-fidelity sampling Ensemble estimator Multifidelity importance sampling Numerical examples Summary

Summary

Conclusions and Questions:
! Ensemble estimators provide a way to inject information and

account for unknown covariance
! Can ensembles of other estimators be used: e.g., Multilevel BLUE

[Schaden and Ullmann, 2020, 2021]?
! Can we wrap the estimator within a resource allocation scheme?
! ACV approaches easily extended to importance sampling (and

other estimators) for wider applicability

Paper: Pham and Gorodetsky, Ensemble approximate control variate
estimators: Applications to multi-fidelity importance sampling,
arXiv:2101.02786, 2021

?iiTb,ff�`tBpXQ`;f�#bfkRyRXykd3e

Funding: Sandia National Laboratories LDRD program
goroda@umich.edu Gorodetsky & Pham Ensemble ACV 19/19


