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Digital twins and OuU
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1. Digital twins create asset-specific models
to enable faster-than-real time action
assessment.

2. Data assimilation is critical to get the
asset speci�c knowledge state.

3. Policies convert knowledge states into
actions.

4. Knowledge states are probabilistic, so
optimization must account for
uncertainty
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Intersection of three ideas

Optimization Multi-fidelity

Uncertainty Quantification

OuU MFUQ

MF Opt

MF OuU
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Standard NLP

minimize
x2Rd

J(x; f(x))

subject to g(x; f(x)) = 0

h(x; f(x)) � 0

Algorithm

Model f

xkfk = f(xk)

1. Model f : Rd ! F � RN

2. Optimization objective J : Rd �F ! R
3. Equality constraints g : Rd �F ! Rm

4. Inequality constraints h : Rd �F ! Rn

5. All smooth / continuous enough for what we want to do

6. We will ignore constraints from now on, sorry
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Multi-�delity to address challenges

1. The computational expense of f is prohibitive.
I Too many iterations
! choose better algorithm to minimize number of times to query f and/or J

I f is too expensive
! choose a cheaper f (e.g., surrogate, ROM, etc.), but this introduces error

2. The multi-�delity idea: use both a high-fidelity f and a low-fidelity fL to
reduce cost without errors

Algorithm

Model f

xk
HfH(xk

H)

MF Algorithm

Models fH ; fL

xk
(L;H)f(xk

(L;H))
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Multi-�delity setting

Key idea

We almost never have just one model, instead we develop many over the course of
a study/analysis. Can we leverage these?
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� Sources
I Hierarchy of fidelities
I Ensemble of peer models
I Discretization levels
I Experimental data

� Shared structure
I Correlations
I Geometry
I (both could be in latent space)
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The trust-region strategy

Key idea

Minimize some low-fidelity JC(x) over a trust-region defined by a ball ∆k

xk+1 = argmin
x

JC(x) subject to kx� xkk � ∆k

1. This approach has a long legacy

2. Convergence requires following conditions at the center of each trust region

J(xk; fH(xk)) = JC(xk) and rJ(xk; fH(xk)) = rJC(xk)

3. To satisfy, let JH(x) := JH(x; fH(x)) and JL(x) := J(x; fL(x)), then

JC;k(x) := JL(x) + (JH(xk)� JL(xk)) + (rJH(xk)�rJL(xk))
T (x� xk)

4. Convergence also requires TR to grow and shrink.
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When does this work well?
Obviously, when JL � JH , but more intuitively?

� In general, trust region grows and shrinks
based on how well JL � JH

� When trust region shrinks ! smaller steps
! more evaluations of fH .

� If JL is no better than a quadratic, then no
benefit over quadratic trust region

� Near optimum, single fidelity probably works
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UQ necessitates risk metric
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minimize
x2Rd

J(x; f(x))

subject to g(x; f(x)) = 0

h(x; f(x)) � 0

minimize
x2Rd

R [J(x; f(x; �); �)]

subject to Rg [g(x; f(x; �); �)] = 0

Rh [h(x; f(x))] � 0

1. If models and costs are function of uncertain variables, � then J becomes a RV

2. Need to convert RV back to deterministic optimization.

3. R are risk-measures [Kouri and Shapiro, \Optimization of PDEs with Uncertain Inputs", 2018]

4. Range of options:
I Expectation E
I Mean plus deviation E[J ] + cE

�
jJ � E[J ]jp]1=p

�
; c � 0

I Conditional value at risk
I Probability of failure
I : : :

5. Again, we will ignore constraints.



The challenge and some approaches

1. Computing R[J ] is not tractable, what can be done?

2. Surrogates / deterministic quadrature: [Sankaran, 2009], [Tiesler, et. al. 2012],

[Kouri et. al 2013], [Xiong, et. al. 2015]

! Fast, but can be biased, low dimensions, require regularity

3. Sampling-based approaches:
I Sample average approximation (SAA) / Scenario-based: �x uncertainties
! deterministic optimization, but solution is a random variable

I Stochastic approximation (SA): resample uncertainties
! stochastic optimization, but solution converges (in expectation)
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Sampling estimators

1. Approach: create estimator R̂[J ]. For example, for expectation

R̂[J ](x) =
1

N

NX
i=1

J(x; f(x; �i); �i)

2. The estimator itself is a random variable, so what do we do?
I SAA:

2.1 Fix ξi

2.2 Solve deterministic NLP to obtain x�(ξ1, . . . , ξN )

I SA:

2.1 Resample ξk
i

2.2 Use some appropriate algorithm (e.g., SGD) so xk → x� via some sort of
convergence, e.g., almost surely.

3. Accuracy of both approaches are tied to the variance of R̂
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Multi-�delity estimators provide variance reduction

� Classical control-variates with M low-fidelity models with known stats.

R̂CV = R̂ +

MX
m=1

�m

�
R̂m �Rm

�
I When �m optimal, variance reduction is (1�R2), R is a measure of correlation.
I Problems: (1) Rm is unknown and (2) optimal variance �m cannot be achieved

� Problem 1 is dealt with via approximate control variates [Gorodetsky, et. al.

2020, 2024] of which MLMC [Giles, 2015], MLBLUE [Schaden and Ullman, 2020]

are common examples

R̂ACV = R̂ +

KX
k=1

MX
m=1

�m;kR̂m;k

� Problem 2 can be dealt with via pilot sampling or more specialized
techniques [Xu, et. al 2022], [Dixon, et. al. 2025].
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Exemplar of variance reduction
Uncertain Young’s Modulus, multiple discretizations
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Dixon, T., Gorodetsky, A., Jakeman, J., Narayan, A., and Xu, Y. (2025). Optimally balancing exploration
and exploitation to automate multi-fidelity statistical estimation. arXiv preprint arXiv:2505.09828.
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A classic MF OuU approach

1. Just use a multi-fidelity estimator to reduce
variance. There are many examples.

2. [Ng and Willcox, 2014]: ACV within
gradient-free method.

3. [Menhorn et. al., 2024]: MLMC within a
trust region approach.

4. Many details on how to allocate samples for
estimators, and addressing the issues above,
but main approach remains.

Algorithm

Risk
Estimator

R̂ACV

xkR̂ACV (xk)
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What is the issue?
Can be difficult to beat SF away from minimum

1. Compare SGD with MLMC-SGD

2. Convergence is virtually identical away from
the solution basin because gradient is steep
enough so big enough jump in signal to
overwhelm statistical noise

3. Convergence is improved in the basin, where
variance of the gradient affects convergence
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Is correlation exploitation su�cient?
A gap in the literature

Optimization Multi-fidelity

Uncertainty Quantification

OuU
(Estimators)

MFUQ
(Var. Reduc.)

MF Opt
(Trust Region)

MF OuU
mainly VR Est.
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Two-types of structure

J(x; �) Correlation due to �

S
h

a
p

e
w

it
h
x

No Yes

Y
es

N
o

Different shape and no correlation
(Worst case)

Similar shape and correlation
(Best case)

Different shapes, but correlations

Similar shapes, but uncorrelated
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A sampling of MF sampling e�orts

Method
Trust-
region

Gradient-
based

Exploits
Correlation

Exploits
Curvature

Frikha 2016 ✓ ✓

Korondi et al. 2021 ✓

Ng and Willcox 2014 ✓

Menhorn et al. 2024 ✓ ✓

Agrawal et al. 2023 ✓

De et al. 2020 ✓ ✓

Shah et al. 2015 (SAA) ✓ ✓

Ha and Mueller 2025 ✓ ✓ ✓

STRUM ✓ ✓ ✓ ✓

STRUM

We propose a gradient-based stochastic optimization approach that both performs
variance reduction and exploits the geometry of the optimization objective.

IMSI: Decisions for DT MF OuU goroda@umich.edu 23/44



Outline

Background
Deterministic and multi-fidelity optimization
UQ and multi-fidelity UQ
OuU and multi-fidelity OuU

STRUM algorithm
Stochastic trust-region
MLMC-SGD
Analysis

Results

IMSI: Decisions for DT MF OuU goroda@umich.edu 24/44



Key ideas

1. Main idea: warm start a variance reduced SGD near the optimum.

2. First phase: MF trust-region, where low-fidelity model used for geometry
exploitation.

3. Second phase: MF approach to reduce variance of estimator in SGD.

Phase 1: Trust-Region

Propose y? = argmin
ky�xkk��

bRC;k

Accept xk+1 = y� if suff. improv.

Reject and take MLMC-SGD step

Switch

Phase 2: MLMC-SGD

xk+1 = xk � �k
drR

MLMC

k

�k = 2
cH( 2

cH
LHWG�1+k)
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Trust region portion

Key questions

1. What is R̂C;k?

2. What is the sufficient improvement condition?

3. What is MLMC-SGD?

4. What is the switching condition?

IMSI: Decisions for DT MF OuU goroda@umich.edu 27/44



Corrected model uses MF Est.

1. Consider first, the exact correction

RC;k(x) = RL(x) + (RH(xk)�RL(xk)) + (rRH(xk)�rRL(xk))
T (x� xk)

2. STRUM requires gradient of risk to be computable, e.g.,

G(x) := rR(x) = rxE[J(x; �)] = E [rxJ(x; �)]

3. Now neither high or low-fidelity risk or gradients can be computed �! use
estimators for both

R̂C;k(x) = R̂M
L (x) +

�
R̂N

H(xk)� R̂N
L (xk)

�
+
�
ĜN

H(xk) � ĜN
L (xk)

�T
(x� xk)
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Su�cient improvement

Two problems

1. Each trust region uses its own stochastic approximation
! difficult to grow or shrink trust region
! difficult to prove convergence

2. Each trust region uses a surrogate

1. Increase estimator quality so that you can modify the trust region. Can effectively
default to deterministic theory, difficult to adapt / expensive. STRUM ignores this.

2. The accept/reject criteria is based on effective improvement

I(y�; x) = �1

2
(LH � cL)jjy� � xjj2 � �

where LH is the lipshitz constant of the high-fidelity model cL is the convexity
constant of the low fidelity model, and � is an improvement parameter.

3. If no improvement, STRUM switches to “backup” convergent algorithm
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MLMC-SGD

Key idea

1. SGD converges with decaying step size.

2. Convergence properties dominated by variance of the estimator at each step.

3. So lets reduce the variance of the estimator at each step via MF.

xk+1 = xk � �kĜML
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Trust-region summary
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x0
Generate samples and compute

R̂L; ĜL; R̂H ; R̂
ML; ĜML Create R̂C;k Solve trust-region

Sufficient
decrease?

y?

xk+1 = y?

xk+1 = xk � �kĜML

no

yesSwitch?
R̂ML

k+1 � R̂ML
k

no

xk+1

xk+1

Go to
Phase 2

(MLMC-SGD)

yes
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Analysis path

1. Prove MLMC-SGD converges (easy, see paper)

2. Prove MLMC-SGD converges faster than SGD for a given budget
(contribution)

3. Define a switching condition

4. Prove that the trust-region phase reaches the switching condition

IMSI: Decisions for DT MF OuU goroda@umich.edu 34/44



Convergence of MLMC-SGD

Assumptions

1. RH 2 C1 and rxRH is Lipschitz continuous with cosntant LH

2. RH(x) is bounded below with infinium R?

3. Let W � 0 and WV � 0 such that for a gradient estimator Ĝ and all x 2 Rd

Var[Ĝ(x)] �W +WV jjrxRH(x)jj22:

4. RH is strongly convex with convexity constant cH

Theorem (MLMC-SGD converges faster than SGD asymptotically)

Let B 2 R+ be the budget, C 0 2 R+ be the MLMC-SGD per-iteration cost, and C 2 R+ be
the SGD per-iteration cost s.t. 0 < C < C 0 < B. Under Assumptions 1-4, MLMC-SGD
will have a smaller upper bound on the optimality gap for same budget than SGD
asymptotically as B !1 if

C 0W 0 < CW

for MLMC-SGD variance bound W 0 and SGD variance bound W .
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Stopping the trust-region
When does MLMC-SGD perform best?

1. Convergence from standard SGD theory satisfies

RH(xk)�R� �
�


 + k

2. Optimal constant of convergence can be shown to be

� � max

�
2LHW

c2
H

;
2LH(WV + 1)

cH
(RH(x1)�R�)

�
3. So choose x1 to be such that right-hand side is smaller than left-hand side.

This leads to the condition

RH(xk) � S �
W

cHWG
+ R�:
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Additional analysis not covered

1. If a step satisfies sufficient improvement, we guarantee a decrease in RH in
expectation.

2. If a step doesn’t satisfy sufficient improvement, then run MLMC-SGD, which
is guaranteed to converge.

3. Since we decrease in expectation, we eventually switch and run MLMC-SGD.
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(Practical) Implementation details

1. Sufficient decrease condition is ignored, just use trust-region.

2. The purpose of the switch is to only use SGD when it is quick — in a basin
near the minimum where convergence will be fast.

3. In this basin, we expect the statistical variance to be a major factor in the
convergence.

4. Detect this region via non-monotonic statistical proposal

R̂ML(xk+1) > R̂ML(xk)

5. Effectively, the noise – even of the multi-fidelity estimator – is now large
enough to effect the optimization.
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Theoretical veri�cation
Minimizing a simple quadratic

� ‘Switch’-methods hold constant the learning rate
until the switching condition.

� SGD-Switch improves performance because large
steps exploited in the beginning

� MLMC-SGD performs similar to SGD away from
minimum, but improves near the optimum !
large initial steps dominate any difference in
variance, but variance reduction near optimum
becomes important

� STRUM fixes this behavior away from minimum,
achieving faster convergence to the “SGD”
regime.

100 101 102 103 104

Num HF Evaluations

10 5

10 3

10 1

101

103

Ob
jec

tiv
e F

un
cti

on
 V

alu
e

SGD
Opt. Gap Bound
Min. Bound - SGD
SGD - Switch
MLMC - Switch
Min. Bound - MLMC
STRUM
Trust Phase

IMSI: Decisions for DT MF OuU goroda@umich.edu 40/44



What about adaptive trust-region methods?
Comparison to ASTRO-MFDF [Ha and Mueller, 2025]

� ASTRO-MFDF:

I Adaptive MF estimator within trust region
! requires stochastic error to be smaller
than the optimality gap

I Trust region adapts

� STRUM converges to better minimum at the
same cost. Big caveat – ASTRO-MFDF is
derivative-free.

� Key takeaway – stochasticity cannot be exploited
as well if you force certain deterministic criteria.
Should be ok with possibility of doing bad things
to benefit from doing a lot of good things.
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Trajectory optimization

� Space-shuttle re-entry, optimize
distance to target. Lift and drag
coefficients are uncertain.

� Continuous-time optimal control
problem

� Discretized into discrete-time
optimal control problem at various
fidelities.

� We again see, single-fidelity hard to
beat with just variance reduction,
need to exploit geometry.
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Conclusion

1. Proposed a new MF OuU approach

2. Goal: exploit similar curvature away from minimum, just focus on variance
reduction near minimum.

3. Stochastic approximation can be beneficial, don’t need to worry about
converging statistics until near minimum.

4. A lot of open questions remain.

5. Extending to constraints also needed.

IMSI: Decisions for DT MF OuU goroda@umich.edu 43/44



Acknowledgements

This work was supported by a NASA subcontract at the University of Michigan
titled, “Novel variance reduction approaches for multifidelity uncertainty
quantification in high-fidelity Entry, Descent, and Landing” under grant number
80NSSC22K1007.

IMSI: Decisions for DT MF OuU goroda@umich.edu 44/44



APPENDIX

IMSI: Decisions for DT MF OuU goroda@umich.edu 45/44




	Background
	Deterministic and multi-fidelity optimization
	UQ and multi-fidelity UQ
	OuU and multi-fidelity OuU

	STRUM algorithm
	Stochastic trust-region
	MLMC-SGD
	Analysis

	Results
	Appendix

