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Digital twins and data assimilation
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1. Digital twins create asset-specific models
to enable faster-than-real time action
assessment.

2. Data assimilation is critical to get the
asset specific knowledge state.

3. Policies convert knowledge states into
actions.

4. However data assimilation always
requires approximations, and the effects
of these approximations are very poorly
understood.



Bayesian data assimilation
Static case

A prior measure µ over parameters θ is updated with data y to obtain the
posterior measure Fµ according to

[Fµ] (dθ) =
h(y, θ)µ(dθ)

Z(y, µ)
, where Z(y, µ) = Eµ [h(y, θ)] is the evidence.

Streaming data case involves repeated inferences with updated priors:

µ0 µ1 µ2 · · ·

y1 y2 y3

F1 F2 F3
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Bayesian data assimilation
Dynamic case

Discrete-time Markov dynamical system evolving the state Xk

p(Xk+1 | Xk, θ) = T (Xk+1, Xk; θ)

p(Yk | Xk, θ) = h(Yk, Xk; θ)

Given a prior measure µk with density πk(xk, θ), the posterior consists of two steps

1. Prediction:

π−
k+1(xk+1, θ) =

∫
X
T (xk+1, xk, θ)πk(xk, θ)dxk

2. Update:

πk+1(xk+1, θ) =
h(yk+1, xk+1, θ)π

−
k+1(xk+1, θ)

Z(yk, π
−
k+1)

µk+1 ≡ Fk+1µk

CIRM Workshop on Digital Twins Errors in data assimilation goroda@umich.edu 4/26



Outline

Approximation and errors

Prior perturbations

Main results

Ramifications

CIRM Workshop on Digital Twins Errors in data assimilation goroda@umich.edu 5/26



Intractability and approximation

• Why is it intractable?

1. Prediction requires marginalization.
2. Update requires Bayesian inference.

• What are solutions?

1. Joint filters (X-KF, particle, ensemble).
2. Point estimate for params, filtering for

states.

• The static problem is a subset of this
dynamic case by assuming identity
dynamics.

θ

XkXk−1 Xk+1 · · ·

ykyk−1 yk+1

πkπk−1 πk+1

π−
k

Fk

π−
k+1

Fk+1
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What are the errors incurred?

1. Learning error: d(πk, qk)

2. Prior perturb. error: d(πk, q
∗
k)

3. Approximation error: d(q∗k, qk)

π0

π1 π2 π3

F1

F2 F3

q1
F̂1

q∗2

F2

q2

≈

F̂2

F̂3

F3

q3

q∗3

≈

Note: d is a metric between probability measures, e.g., TV, Hellinger, Wasserstein.

CIRM Workshop on Digital Twins Errors in data assimilation goroda@umich.edu 7/26



What are the errors incurred?

1. Learning error: d(πk, qk)

2. Prior perturb. error: d(πk, q
∗
k)

3. Approximation error: d(q∗k, qk)

π0

π1 π2 π3

F1

F2 F3

q1
F̂1

q∗2
F2

q2

≈

F̂2 F̂3

F3

q3

q∗3

≈

Note: d is a metric between probability measures, e.g., TV, Hellinger, Wasserstein.

CIRM Workshop on Digital Twins Errors in data assimilation goroda@umich.edu 7/26



What are the errors incurred?

1. Learning error: d(πk, qk)

2. Prior perturb. error: d(πk, q
∗
k)

3. Approximation error: d(q∗k, qk)

π0

π1 π2 π3

F1

F2 F3

q1
F̂1

q∗2
F2

q2

≈

F̂2 F̂3

F3

q3

q∗3

≈

Note: d is a metric between probability measures, e.g., TV, Hellinger, Wasserstein.

CIRM Workshop on Digital Twins Errors in data assimilation goroda@umich.edu 7/26



What are the errors incurred?

1. Learning error: d(πk, qk)

2. Prior perturb. error: d(πk, q
∗
k)

3. Approximation error: d(q∗k, qk)

π0

π1 π2 π3

F1

F2 F3

q1
F̂1

q∗2
F2

q2

≈

F̂2

F̂3

F3

q3

q∗3

≈

Note: d is a metric between probability measures, e.g., TV, Hellinger, Wasserstein.

CIRM Workshop on Digital Twins Errors in data assimilation goroda@umich.edu 7/26



What are the errors incurred?

1. Learning error: d(πk, qk)

2. Prior perturb. error: d(πk, q
∗
k)

3. Approximation error: d(q∗k, qk)

π0

π1 π2 π3

F1

F2 F3

q1
F̂1

q∗2
F2

q2

≈

F̂2 F̂3

F3

q3

q∗3

≈

Note: d is a metric between probability measures, e.g., TV, Hellinger, Wasserstein.

CIRM Workshop on Digital Twins Errors in data assimilation goroda@umich.edu 7/26



Example: Gaussian filtering
Prediction

App: Start with normal qk = N (mk, Ck) , then approx. prediction as Gaussian.

m−
k+1 ≡ E [Xk+1 | Yk] ≈

N∑
i=1

wix
(i)
k+1

C−
k+1 ≡ Var [Xk+1 | Yk] ≈

N∑
i=1

wi

(
x
(i)
k+1 −m−

k+1

)(
x
(i)
k+1 −m−

k+1

)T

where x
(i)
k+1 ∼ T (·, x(i)k ) and (wi, x

(i)) are some quadrature weights/points for qk.
So that

q−k+1 = N (m−
k+1, C

−
k+1) Becomes prior for update
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Example: Gaussian filtering
Update

App: Assume joint state/obs is Gauss. Condition to obtain qk+1 = N (mk+1, Ck+1).

µ =

N∑
i=1

wiy
(i), yi ∼ h(·, x(i))

S =

N∑
i=1

wi(y
(i) − µ)(y(i) − µ)T

K =
N∑
i=1

wi(x
(i) −m−

k+1)(y
(i) − µ)T

mk+1 = m−
k+1 +KS−1(yk − µ)

Ck+1 = C−
k+1 −KS−1KT

where (wi, x
(i)) are quadrature nodes based on

q−k+1

Two sources of error

1. Prior perturb error

2. Inference error

There are few, if any, general frameworks
by which to analyze these errors
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Components of the error

Need to bound d(πk, qk). Natural to think about triangle inequality

d(πk, qk)
Learning Error

≤ d(πk, q
∗
k)

Prior pert. Error

+ d(q∗k, qk)
Increm. app. Error

.

Approximation error fairly studied. Prior perturbation not well studied.

Stability of Bayesian data assimilation

1. Need to understand how errors in priors propagate through inverse problems.

2. Requires a theory for pointwise global stability of Bayesian inference
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Iterating the error

To iterate the error, need to bound prior perturbation across time

d(πk, q
∗
k) ≤ Gk(πk−1, qk−1) =⇒ d(πk, qk) ≤ Gk(d(πk−1, qk−1)) + d(q∗k, qk).

So that we iterate to obtain

d(πk, qk) ≤ Fk(q1, . . . , qk−1, qk, q
∗
1, . . . , q

∗
k−1, q

∗
k).

Questions: What is Gk and what is Fk? Does such an Fk even exist?
Main point: Need some sort of global Lipshitz continuity. Local could eventually
break down.

CIRM Workshop on Digital Twins Errors in data assimilation goroda@umich.edu 11/26



Summary of questions

1. Is learning error d(πk, qk) bounded if incremental errors bounded?

2. Can accuracy be estimated without knowing the truth?

3. Under what conditions does learning error decay with more data?
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Recall the picture

1. Learning error: d(πk, qk)

2. Prior perturb. error: d(πk, q
∗
k)

3. Approximation error: d(q∗k, qk)

π0

π1 π2 π3

F1

F2 F3

q1
F̂1

q∗2
F2

q2

≈

F̂2 F̂3

F3

q3

q∗3

≈
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Existing approaches for prior pert. I

1. Global robustness: find bounds (ϕ, ϕ̄) of functionals within a class [Berger &
Moreno (1994), Bose (1994), etc.]

ϕ = inf
µ∈Γ

ϕ(Fµ), ϕ̄ = sup
µ∈Γ

ϕ(Fµ).

2. Local sensitivity analysis [Gustafson and L.(1995), Sedighi et al. (2021)]

s := lim
ϵ→0

d(Fµ, Fµϵ)

d(µ, µϵ)
.

3. Stability under a family of integral probability metrics [Garbuno-Inigo et al.
2023]

dc(Fµ, Fµ′) ≤ K ′(µ, µ′)dcy(µ, µ′) ∀µ, µ′ ∈ P1(X ; cy).
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Existing approaches for prior pert. II

4. Local Lipschitz stability [Basu (1998, 2000), Sprungk (2020)]: There exists
δ > 0 such that

d(Fµ, Fµ′) ≤ K ′(µ)d(µ, µ′) if d(µ, µ′) ≤ δ.

5. In state estimation, Global Lipschitz continuity under TV [Rebesschini and
van Handel (2015), Law et. al. (2015), Sans-Alonso et al. (2023)], but all
assumed likelihood has positive lower bound (so e.g., Gaussian likelihood is
not allowed).
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Closest stability result
Sprungk (2020)

The prior-to-posterior map Fk is pointwise locally Lipschitz continuous

d(Fµ, Fµ′) ≤ K ′ (µ) d(µ, µ′) if d(µ, µ′) ≤ δ.

for Hellinger, TV, and the Wasserstein-1 distances.

1. Assumption that likelihood is upper bounded by 1 (restriction in proof).

2. Global (δ = ∞) only for TV, local for Hellinger or 1-Wasserstein.

3. Can’t use local continuity due to accumulation of error.
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Our main result

We prove

d(πk, q
∗
k) ≤ K(yk, Z(yk, πk−1))d(πk−1, qk−1) ∀qk−1 (it is Global)

1. Only dependence on πk−1 (or qk−1, but not both) −→ Global.

2. Valid for inverse problems, state estimation, and parameter-state estimation.

3. Minimal assumptions (upper bound on like. or product of like. and dyn.).

4. Determined for TV, Hellinger, and Wasserstein-1.

5. Tighter than Sprung constant, when comparable (K < K ′).

6. Tighter than existing global state estimation results for TV
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Accuracy estimation
Independent of unknown truth

The accuracy can practically be estimated by

d(πk, q
∗
k) ≤

k−1∑
j=1

C(Yk, qj:k−1, j)d(qj , q
∗
j ) + d(qk, q

∗
k),

where

C(Yk, j) =



k∏
i=j+1

C1/2(yi)

Z(yi; qi−1)
for TV/Wasserstein-1

2k−j
k∏

i=j+1

√
C1(yi)√

Z(yi; qi−1)
for Hellinger

1. C1 and C2 depend on the system (bounds).

2. Bounded as long as approximation error is bounded (BIBO stable if
interpreted as dynamical system).
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Can error actually be reduced?

1. Some systems may converge in the face of errors with increasing data.

2. Likelihood effectively dominates these cases.

3. We came up with some, hard-to-interpret, sufficient conditions to ensure

d(πk+1, qk+1) ≤ d(πk, qk).

4. Please reach out if you are interested!
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Tradeoffs between approx. approaches

1. Suppose one has several choices of approximation approaches.

2. Can one tradeoff error and cost at the current state with future performance?

3. The bounds suggest

d(πk, qk) ≤
k−1∑

i=j+1

C(Yi+1:k | Y1:i), i)d(qi, q
∗
i )

Accumulation error

+ d(qk, q
∗
k)

Approx. error

+ d(πk, Fj+1:k(qj))
Perturb prior error

.

4. Can balance current error with future error. If expect ‘convergence’ can e.g.,
get away with ‘bad’ Gaussian approximations initially.
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Application to VI algorithms

A common non-Gaussian approach is to perform VI to approximate qk at each
state by maximizing the evidence lower bound (ELBO) [Neri 2020, Wang and G.,
2025]

Suppose ELBO satisfies L(qi) > ϵi, ∀i ∈ [1, k] and Gaussian noise likelihood. Then

d(πk, qk) ≤
k−1∑
j=1

C ′
V I(Yj+1:k, qj:k−1, j)

√
−r

2
log(2π)− 1

2
log(det(Γ))− ϵj

+ α

√
−r

2
log(2π)− 1

2
log(det(Γ))− ϵk,

where r is dimensionality of observation and Γ is observation noise and C ′
V I is an

estimable constant
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Conclusions

1. Approximating probability distributions is a rapidly emerging area (generative
modeling).

2. Approximate data assimilation approaches are critical to computational
feasibility.

3. A general error and approximation theory is lacking, making most
investigations either highly specific or purely empirical.

4. We have taken some initial steps to provide a framework by which to analyze
approximate data assimilation.

Wang, L., & Gorodetsky, A. A. (2025). A global Lipschitz stability perspective for
understanding approximate approaches in Bayesian sequential learning. arXiv
preprint arXiv:2507.20379
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APPENDIX
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Bound tightness
TV results

Y = X+η, η ∼ N (0, 3),
1. Case 1: µ0 = N (−10, 5) and µ′

0 = N (8, 5)

2. Case 2: µ0 = N (0, 1) and µ′
0 = N (2, 1)

3. Case 3: Gaussian with random mean and variance

1 5 10 15 20
update step k

0

2
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d
T
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k
,µ
′ k)

&
it

s
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n

d
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Figure: TV distance between posteriors, dTV (µk, µ
′
k), and its upper bound. Actual

distance always below derived bound. Bound generally follows actual distance
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