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parameters are uncertain. Furthermore, system inputs, such
as driver behaviors, are inherently probabilistic, rendering the
simulation stochastic. To enable accurate and useful online
simulations, this paper develops a stochastic formulation
of the propulsion system model based on the reducedorder nonlinear drivetrain model in [3]. In contrast to the
deterministic approach, the stochastic model allows direct
incorporation of probabilistic driver behaviors and model
uncertainties. As a result, this approach can capture a wide
variety of potential behaviors, which can be used to assess
risks of undesirable driveline responses.
Quantifying the output uncertainties in nonlinear systems
can carry significant computational burden as closed-form
solutions typically do not exist. Several uncertainty quantification (UQ) methods for this purpose are developed in
the literature which can be divided into two categories.
First, sampling-based methods involve drawing samples from
distributions of the input uncertain variables and simulating
realizations of the stochastic process. For each realization,
the problem is deterministic. Then, statistical information can
be extracted from the ensemble of these deterministic solutions. The most common family of sampling-based methods
is the Monte Carlo (MC) method and its variants [4], [5].
These approaches are very flexible and straightforward to
apply.√However, the convergence is slow, typically at the rate
of 1/ K, where K is the number of realizations one needs
to solve. To achieve a desired accuracy, the slow convergence
can lead to a prohibitively large ensemble.
The second category of UQ methods is built upon nonsampling approaches. Examples include perturbation methods [6] and stochastic operator methods [7], which are often
limited to systems with certain types of equations of motions
(EOMs) and low levels of uncertainties. A more recently
developed approach, generalized Polynomial Chaos (gPC),
has seen success in overcoming these limitations [8], [9],
[10], [11]. It expresses the solution of a stochastic process
as a deterministic mapping of a set of reference random
variables. Specifically, it chooses this mapping to lie in
a linear subspace of polynomials that are orthogonal with
respect to the distribution of the input random variables —
creating a spectral representation of the solution in random
space [12]. For solutions that exhibit smooth input-to-output
characteristics, gPC is very efficient with fast convergence.
The outputs of gPC can be directly utilized to perform
variance-based global sensitivity analysis by means of Sobol’
indices [13] with minimal additional computational cost [14].
Based on these characteristics, the objective of this research
is to develop an efficient UQ method for automotive propul-

Abstract— Online simulations conducted in vehicles can enable predictive control of automotive systems. This capability
can be especially valuable for complex propulsion systems to
manage performance, safety, and efficiency under changing
drive conditions. Reliable online simulations require accurate
models. However, modeling errors are unavoidable, and the inputs from the driver and environment are subject to uncertainty
and generally unknown a priori, rendering the system stochastic. Furthermore, limited computing resources in a vehicle can
prohibit solving stochastic systems, posing a major challenge.
This paper seeks to alleviate these computational bottlenecks by
utilizing generalized Polynomial Chaos to efficiently propagate
and quantify uncertainty without loss of accuracy for online
propulsion system simulations. To demonstrate the effectiveness
of this method, uncertainty quantification is performed for
simulations of vehicle launch where both model and input
uncertainties are considered. A standard Monte Carlo method
is used as a baseline for comparison. It is shown that, for
the same accuracy, the proposed method is more than two
orders of magnitude faster than a Monte Carlo method. A
variance-based sensitivity analysis is also used to quantify the
statistical contribution from each uncertainty source to the
output. The outcome suggests that the proposed method is wellsuited to automotive applications where fast and accurate onboard simulation capabilities are required.

I. INTRODUCTION
On-board simulations of automotive propulsion systems
can offer predictions of drivability under various control
scenarios. For example, decisions can be made on the fly
to avoid certain transmission maneuvers if simulations predict the likely occurrence of undesirable vehicle responses.
To achieve this functionality, simulations must adequately
replicate the physical system behavior while accounting
for uncertainties in future system inputs without excessive computational burden. In practice, however, accurate
propulsion system models often exceed the computational
resources available on-board a vehicle. Past research efforts
have sought to reduce the model complexity without loss of
fidelity for hardware-in-the-loop (HIL) applications [1], [2].
HIL simulations are often used for prototyping control strategies in product design processes. Accordingly, HIL models
are usually deterministic, and employ offline calibrations
of simulated behaviors. Such deterministic models are not
well-suited for online simulations in a vehicle where model
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sion systems using gPC and demonstrate its effectiveness.
The remainder of the paper is organized as follows. In
section II, an automotive propulsion system model suitable
for online simulations is developed. The gPC method is introduced in section III. Details on the application of gPC to the
given system model is provided in Section IV. Results and
analysis are presented in Section V, followed by conclusions
in section VI.

system does not change directions. Consequently, the axle
shaft torque has a straightforward expression:
τs = c(θs − θr ) + d(ωs − ωr )

where c and d are the lumped stiffness and lumped damping
ratio; θs and θr are angular displacements of the axle shaft
and drive wheels; ωs and ωr are angular velocities of the
axle shaft and drive wheels.
The load torque is modeled as the sum of contributions
from aerodynamic drag, road grade, and tire rolling friction:

II. SYSTEM MODEL

τload = 0.5ρCd Af rt ωr2 + mgrt sin θ + µmgrt cos θ

To illustrate the potential of gPC-based UQ for online
simulations, this paper considers the propulsion system of
an automatic-transmission-equipped pickup truck with drivetrain components shown in Figure 1. Vehicle launch in first
gear is used as an example operating scenario.
Treating the engine as a rigid body with a torque source,
its equation of motion is:
Ie ω̇e = (1 − αe )τe − τim

ω̇e = k 11 τe + k 12 ωe2 + k 13 ωe ωs + k 14 ωs2

where τim is the torque converter impeller torque, αe is
an engine torque reduction ratio. Ie , τe , ωe are the engine
inertia, torque, and rotational speed, respectively.
A torque converter (TC) is an essential component of
a propulsion system equipped with a planetary-gear-based
automatic transmission (AT). It enables hydrodynamic torque
multiplication during vehicle launch and provides isolation
of torsional vibrations between the drivetrain and the engine
[15]. In normal operation, the impeller and turbine act as
centrifugal pumps in opposite directions to transmit and
multiply torque via the oil flow. The steady-state dynamics
of the TC with a locked stator is modeled using techniques
proposed in [16] to obtain impeller and turbine torques as
quadratic functions of their speeds:
(2)

2
τt = b0 ωim
+ b1 ωim ωt + b2 ωt2

(3)

ω̇s = k

21

ω̇r =

31

τ̇s =

ωe2

22

+ k ωe ωs + k

23

ωs2

24

(7)
25

+ k τC + k
2
33
k τs + k ωr + k
k 41 ωs + k 42 ωr + k 43 ωs2 + k 44 ωe ωs +
k 45 ωs2 + k 46 τC + k 47 τs + k 48 ωr2 + k 49

τs

(8)

32

(9)
(10)

where τC is the torque capacity of clutch C and k ij are
lumped coefficients. Exact expressions of these lumped coefficients can be found in [3].
III. POLYNOMIAL CHAOS
Consider a parametric ODE system
ẋ(t, ξ) = f (x(t, ξ), u(t, ξ), t, ξ)

(11)

where x ∈ Rnx denotes the vector of states with initial
values x(0, ξ), u ∈ Rnu denotes the vector of control inputs,
ξ ∈ Rnξ denotes the vector of uncertain parameters, and
f : Rnx × Rnu × Rnξ → Rnx represents the dynamics of the
system. The parameters ξ are represented probabilistically,
and therefore the solution to this system is also a random
variable. With polynomial chaos, the solution is expressed
as orthogonal polynomials of the input random variables
defined on a given probability space. This essentially transforms the original stochastic system into its spectral representation in the random space. As a result, the online
computational load in simulating the stochastic system is
reduced to solving a set of coupled deterministic equations
for the coefficients xi , as described next.

The parameters in (2) and (3) can be estimated via linear
regression using TC test data [3].
After a vehicle launch in first gear, clutches C and E in
the AT swap torque paths, shifting the transmission to the
second gear. During this maneuver, the pressure on clutch
C is increased for engagement while the pressure on clutch
E is reduced for its release. This research only considers
the system dynamics up until the end of the torque phase,
denoted by the onset of slipping in clutch E [3]. All other
clutches remain fully engaged.
Downstream from the AT, torque is transmitted to the drive
wheels through the driveline, which is modeled as follows:
Iv ω̇r = τs − τload

(6)

where ρ is the air density, Cd is the aerodynamic drag
coefficient, Af is the effective frontal area of the vehicle,
rt is the tire radius, m is the mass of the vehicle, g is the
gravitational constant, and θ is the road grade.
As shown in [3], the governing equations of motion for
the vehicle, launching in first gear, are:

(1)

2
τim = a0 ωim
+ a1 ωim ωt + a2 ωt2

(5)

A. Orthogonal Polynomials
A general polynomial of degree n is defined as follows:
Φn (ξ) = kn ξ n + kn−1 ξ n−1 + · · · + k1 ξ + k0

(4)

(12)

where kn 6= 0.
A system of polynomials {Φn (ξ), n ∈ N0 } is orthogonal
with respect to a probability measure α if the following
orthogonality condition is satisfied:
Z
Φn (ξ)Φm (ξ)w(ξ)dξ = γn δmn
(13)

where Iv , ωr , τs , and τload are the effective moment of inertia
of the vehicle at drive wheels, drive wheel angular velocity,
axle shaft torque, and load torque, respectively.
During vehicle launch in first gear, the geartrain experiences no backlash as the torque transmitted through the
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Schematic of an automotive propulsion system with a torque convert and a step-ratio automatic transmission.

the ODE that describes the dynamics of PCE coefficients:
hf, Φi (ξ)i
dxi
=
dt
hΦ2i (ξ)i

M
X

x(t, ξ) =

xi (t)Φi (ξ)

µ(x(t, ξ)) = x1 (t)
σ 2 (x(t, ξ)) =

(14)

M
X

xi (t)Φi (ξ), u(t, ξ), t, ξ

(20)

To demonstrate the capability of the proposed approach,
UQ is performed for a simulated vehicle launch in first gear.
Both input and model parameter uncertainties are assumed.
Four parameters are modeled as Gaussian random variables
to reflect the uncertainties: lumped stiffness c ∼ N (µc , σc );
lumped damping ratio d ∼ N (µd , σd ); rate of change in
engine torque demand u1 ∼ N (µu1 , σu1 ); and clutch C capacity offset λC ∼ N (µλC , σλC ). The lumped stiffness and
lumped damping have standard deviations that are 10% of
their respective nominal values. A 20N m standard deviation
is assigned to the clutch C capacity offset.
Driver behavior is inherently uncertain and probabilistic.
This uncertainty can be represented by parameterizing the
engine torque demand, which is mapped from driver pedal
behavior. Here the engine torque demand is assumed to
increase linearly in the simulation to reflect an increasing
demand for acceleration from the driver:

(15)

As the degree of PCE p increases, the expansion in (14)
converges in the L2 sense to any function in L2 . If truncated
at a degree p that is not sufficiently large, (14) yields a biased
approximation of the solution.
Substituting (14) into the stochastic system (11) yields:
Φi (ξ) = f

x2i (t)

(19)

IV. A GPC-BASED METHOD FOR UNCERTAINTY
QUANTIFICATION OF AUTOMOTIVE
PROPULSION SYSTEMS SIMULATIONS

Note that xi (t) here are vectors of the PCE coefficients while
x(t, ξ) is the vector of the system states. The total number
of one-dimensional polynomials bases required for a PCE
truncated at degree p can be calculated as follows:
(p + nξ )!
nξ ! p!

M
X
i=2

i=1

M=

(18)

By using the orthogonality condition in (13), M coupled
equations are obtained for the random modes xi . Due to (15),
M grows rapidly with the number of input random variables
nξ . For systems with large nξ , the total order expansion
PCE truncation strategy [17] can be adopted to alleviate
this growth. Then, conventional deterministic solvers can be
employed to solve for the coefficients over time. The mean
and variance of each state are determined analytically as:

Polynomial chaos expansion (PCE) employs polynomial
approximation to decompose the stochastic system, effectively decoupling the random and the deterministic contributions to system dynamics. The PCE represents the solution
as an expansion of orthogonal polynomials:

dt

𝐼𝑣
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B. Polynomial Chaos Expansion
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where S is the support of α, w(ξ) is the density of α,
γn is a normalization constant, and δmn is a Kronecker
delta function whose evaluation is equal 1 if m = n and
0 otherwise.
Given the probability density functions of the input random variables, orthogonal polynomials can be selected using
the Askey scheme to achieve optimal convergence [8]. For
systems with nξ > 1, the set of i-th degree orthogonal
polynomials {Φi (ξ)} is formed from the tensor product of its
corresponding one-dimensional polynomials {Φi (ξj ), j =
1, · · · , nξ }.

M
X
dxi (t, ξ)

𝜃𝑙



i=1

(16)
Then the stochastic Galerkin projection is used to decompose (16) onto each of the polynomial bases {Φi (ξ)}. As a
result, the error is orthogonal to the functional space spanned
by the orthogonal basis polynomials:

X
M
dxi (t, ξ)
Φi (ξ), Φi (ξ) = hf, Φi (ξ)i
(17)
dt
i=1

τe = u1 t + u2

(21)

where u2 is the initial engine torque demand. The driver
uncertainty is embedded in the rate of change of engine
torque demand using a Gaussian random variable u1 , and
has a standard deviation of 20% of its nomial value.
The uncertainty in clutch C capacity is represented as
a Gaussian offset with zero mean. At the start of the
simulation, clutch C is open with zero capacity. Around 2
seconds into the simulation, the transmission initiates a shift

where i = 0, 1, ..., M , and the argument of f is the same as in
(16) and is neglected for conciseness. Rearranging (17) yields
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model and the lumped damping in the system yield a thirdorder term in the random space following PCE. As a result,
a fourth-order inner product of the polynomial bases is
required in the deterministic EOM for the PCE coefficients
due to Galerkin projection. While the first to third-order
inner products of the Hermite polynomials can be obtained
analytically, inner products of fourth or higher order must
be calculated numerically. In this paper, the Gauss-Hermite
quadrature method is used to estimate the fourth-order inner
product Λijk` . The Golub-Welsch algorithm [18] is used
to compute the quadrature points and their corresponding
weights. Only a few terms in the inner products are non-zero,
which allows the storage of these inner products in a sparse
data structure. Large online computational savings can be
achieved by avoiding operations on zero-valued terms. The
non-zero terms and their corresponding indices are obtained
offline and saved in memory. Online simulations only use
the non-zero terms extracted from the memory.

to the second gear. At this point, clutch C capacity begins to
increase. As the clutch C capacity is too low to carry all the
torque transmitted through the system, it continues to slip
without secure engagement. Hence, the torque transmitted
by clutch C is equivalent to its torque capacity τC .
To enable UQ via gPC on the stochastic formulation of
the propulsion system, the original system is decomposed
into the polynomial space. The PCE procedure, following
(14) - (17), is implemented on the system equations (7) (10). Because all uncertain parameters are assumed to be
Gaussian, the Hermite polynomials are used as the basis
polynomials {Φ(ξ)} for fast convergence [8].
T

T
= [ωe ωs ωr τs ] be the
Let x(1) x(2) x(3) x(4)
2
state vector, γ = hΦ` (ξ)i be a normalization constant. Let Λij` = hΦi (ξ), Φj (ξ), Φ` (ξ)i and Λijk` =
hΦi (ξ), Φj (ξ), Φk (ξ), Φ` (ξ)i be the third and fourth-order
inner products of the orthogonal polynomials. Then the
(m)
EOM (18) for the deterministic PCE coefficients x` , m ∈
{1, 2, 3, 4}, becomes:
(1)

dx`
dt

=

M
M X
X
Λij` 
i=1 j=1

+
(2)

dx`
dt

=

i=1 j=1

(3)

=

=

γ

M
M X
X
Λij`

γ

+

11

+ k (tu1,` + u2,` )
(1) (1)

(1) (2)

(23)


24

+ k τC,` +

(3) (3)

(4)
k 25 x`
(4)

k 32 xi xj + k 31 x` + k`33

γ

(2)

γ

(3) 

(4) 

h6 τC,j + h7 xj

M
M X
M X
X
Λijk` di
i=1 j=1 k=1
(1) (2)

(24)

h1 xj + h2 xj

M
M X
X
Λij` di
i=1 j=1

+



k 21 xi xj + k 22 xi xj

M
M X
X
Λij` ci
i=1 j=1

(1) (2)

(22)

(2) (2)
k 23 xi xj

i=1 j=1

(4)

dx`
dt

(1) (1)

k 12 xi xj + k 13 xi xj

(2) (2)
k 14 xi xj

M
M X
X
Λij` 

+
dx`
dt

γ

V. RESULTS AND ANALYSIS
A. Uncertainty Quantification Results
Uncertainty quantification analyses are conducted for the
four-state propulsion system model using gPC with degree-4
PCE. A standard MC algorithm with one million samples
is used as the baseline method for comparison. In the MC
approach, samples are drawn from the distributions of the
four random variables {c, d, u1 , λC } and used within a
deterministic simulation. Then, statistical information, such
as mean and variance, is extracted from the ensemble of the
deterministic solutions. The forward Euler method is used
to integrate the dynamics of both PCE coefficients and MC
realizations with the same time step. The UQ results in the
form of estimated mean and 2σ obtained using gPC with
degree-4 PCE are shown in Figure 2. To better compare the
two methods, a percentage discrepancy between gPC and
MC estimated means is defined as follows:
µ̂gP C − µ̂M C
| × 100
(26)
=|
µ̂M C
where µ̂gP C is the mean estimated by gPC with degree-4
PCE and µ̂M C is the mean estimated by MC with one million
samples. As shown in Figure 3, the percentage discrepancies
between gPC and a baseline MC estimates are very small. In
fact, these errors are partially due to inaccuracy in the MC
estimates, which is illustrated in the following section.

γ

(25)
(1) (1)
h3 xj xk

(2) (2)

+ h4 xj xk + h5 xj xk
(3) (3) 
+ h8 xj xk + h9 d`

where ` ∈ {1, 2, · · · , M } and hs , s ∈ {1, 2, ..., 9}, are constant coefficients that contain information on the mechanical
properties of the system. Specifically, h1 = 1, h2 = −1,
h3 = b0 K12 /((1 + r4 )ΨK11 ), h4 = b1 K12 /K11 , h5 =
b2 K12 Ψ(1 + r4 )/K11 , h6 = −K13 /((1 + r4 )ΨK11 ), h7 =
−(K14 /((1 + r4 )Ψ2 K11 ) + 1/Iv ), h8 = ρCd Af rt2 /(2Iv ),
and h9 = µmg/Iv . Expressions for Kij are given in [3]
A forward Euler method with a fixed time step1 is used to
integrate the dynamics of the PCE coefficients in (22) - (25).
The combination of the quadratic formulation in the TC

B. Computational Costs of the Proposed Method
This section explores the trade-off between computational
expense and accuracy of gPC and MC methods for the
presently-considered system. To quantitatively explore the
efficiency advantage of the proposed method, a reference
solution using a degree-5 PCE is first obtained. The errors
are calculated for each gPC with degree-1 to degree-4 PCE,
given the aforementioned reference solution. A corresponding MC sample size N that yields an equivalent accuracy is
calculated based on the standard error of MC estimator:


σ 2 ξ(t)
N=
(27)
(µ̄M C − µ̄ref )2

1 Investigations as to time step requirements for the PCE is ongoing
research
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[13]. The Sobol’ indices are defined as follows:
σi21 ,...,is
(28)
σ2
where σi21 ,...,is are the contributions from each individual or
higher-order combinations of the input random variables, and
σ 2 is the total variance at the simulation output.
The individual contributions can be obtained via Sobol’
decomposition of the stochastic system:
Z
2
fi21 ,··· ,is (ξi1 , · · · , ξis )dξi1 · · · dξis
(29)
σi1 ,··· ,is =
Si1 ,...,is =

Ks

Fig. 2.
PCE.

Estimates of mean and 2σ given by UQ using gPC with degree-4

and
f (ξ1 , · · · , ξn )

= f0 +

n
X

fi (ξi ) +

i=1

X

fij (ξi , ξj )

1≤i<j≤n

+ · · · + f1,2,··· ,n (ξ1 , · · · , ξn )

(30)

where f is the system model, n is the number of input
random variables, and K n is a n-dimensional unit cube such
that K n = {ξ : 0 ≤ ξi ≤ 1, i = 1, · · · , n}. Note that the
summands in (30) are orthogonal. The underlying principles
of Sobol’ decomposition and PCE are very similar, relying
on the decomposition on a set of orthogonal bases. In fact,
Sobol’ indices analysis can be readily applied to a stochastic
system given gPC results [14]:


X
fβ2 (t)E Φ2β (ξ)
gP C
(31)
Si1 ,··· ,is (t) =
σ2

Fig. 3. Discrepancies between means estimated with gPC using degree-4
PCE and with MC using one million samples.

β∈Ξi1 ,··· ,is

where ∀k = {1, · · · , n} the set of tuples Ξ is defined as
follows such that only indices {i1 , · · · , is } are non-zero:
)
(
βk > 0, k ∈ {i1 , · · · , is }
(32)
Ξi1 ,··· ,is = β :
βk = 0, k ∈
/ {i1 , · · · , is }



where σ 2 ξ(t) is the variance of the state that is represented
as a random variable ξ, µ̄M C is the estimated mean by MC,
and µ̄ref is the reference solution.
The floating point operations (FLOPs) per time step is
used as a measure of computational complexity of UQ
methods. The relationship between RMSE and FLOPs per
time step for gPC with degree-1 to degree-4 PCE and MC
with sample sizes ranging from 102 to 1013 are shown in
Figure 4. For the same level of accuracy, gPC consistently
requires two or more orders of magnitude fewer FLOPs per
time step compared to MC. Alternatively, given the same
computational cost as measured in FLOPs per time step,
gPC consistently achieves UQ accuracy that is more than
four orders of magnitude better than MC. In fact, even gPC
with degree-1 PCE already shows significant advantage over
the baseline for UQ in the given system. This is due to
the smoothness of the system considered in this research.
The propulsion system (7) - (10) is moderately nonlinear
due to polynomial-type nonlinearities in the simplified TC
model, for which gPC is particularly suitable. This advantage
may also apply to other automotive systems with similar
mechanical characteristics.

where Ξi corresponds to the polynomials in gPC that only
depends on input random variable ξi .
The total-effect Sobol’ indices STi are used to evaluate
the overall influence of each input random variable. They
are defined as the sum of all partial Sobol’ sensitivity indices
that involve the input random variable ξi [19]:
X gP C
STi (t) =
Si1 ,··· ,is (t)
(33)
Ii

where Ii = {(i1 , · · · , is ) : ∀k, 1 ≤ k ≤ s, ik = i}.
Results of the sensitive analysis using total-effect Sobol’
indices are shown in Figure 5. Because engine speed is
the direct result of engine torque demand in this example,
the engine speed variance is entirely due to the driver
uncertainty represented in u1 . For the other three states,
the output variances at the beginning of launch are mostly
due to uncertainties in the mechanical properties, such as
the lumped damping and stiffness. As the vehicle continues
to accelerate, the driver uncertainty starts to dominate the
output variances. The uncertainty in clutch C capacity has
small (< 2%) contribution to the output variance following
the start of transmission up-shift process at t = 141.6s.
The second and higher-order sensitivity indices Sij , Sijk ,

C. Variance-based Global Sensitivity Analysis
A variance-based global sensitivity analysis is conducted
to better understand the contribution of each uncertainty
source to the total uncertainty of the simulation outcomes.
This is achieved through the use of Sobol’ indices analysis
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cient than the baseline Monte Carlo. Furthermore, variancebased global sensitivity analysis reveals the contribution to
output variance from each source of uncertainty. This sensitivity analysis can be readily performed as an add-on to the
generalized Polynomial Chaos framework with minimum additional computational cost. Overall, the proposed approach
provides an efficient and effective framework for uncertainty
quantification of online simulations of automotive propulsion
systems. The outcome suggests that the proposed method is
well-suited to automotive applications that require fast and
accurate online simulation capabilities and can be extended
to other systems sharing similar characteristics.
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Fig. 5. Variance-based global sensitivity analysis using total-effect Sobol’
indices. The mechanical properties have significant contributions to the output variance at the beginning while driver uncertainty eventually dominates.

and Sijk` are very small (< 1%) throughout the simulation.
Note that the statistical insights obtained from Figure 5 are
both system-dependent and operating condition-dependent,
and thus cannot be easily generalized. However, the method
proposed in this paper readily computes the decomposition
required for Sobol’ indices. As a result, sensitivity analysis
can be conducted with minimum additional computational
cost to provide insight into the propagation of uncertainties
for different system configurations and operating conditions.
VI. CONCLUSIONS
In this paper, an efficient uncertainty quantification method
based on generalized Polynomial Chaos is proposed to quantify uncertainties in online simulations of automotive propulsion systems. The effectiveness of the proposed method is
demonstrated by an example of a vehicle launch simulation.
Through an analysis on the computational costs, it is shown
that the proposed method is orders of magnitude more effi300
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